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I 
I 
1"LUENCE OF CWRESSIBILITY 
ON CONDUCTION-TYPE a.c. MHD GENERATOR 
bY 
B ierre Pont hus 
Submitted t o  t h e  Department of Electrical Engineering 
of t h e  Massachusetts I n s t i t u t e  ef Techology 
on May 21, 1965, i n  par t ia l  f u l f i l l m e n t  
of t h e  requirements f o r  t h e  degree of 
Master of Science. 
ABSTRACT 
Previous analyses  of configurat ions f o r  generat ing a.c. power with MHD 
conduction machines tha t  r equ i r e  no external reac t ive  power suppl ies  have been 
based on an  incompressible f l u i d  m o d e l .  In  generators  using ionized gases with 
high power dens i ty ,  compress ib i l i t y  w i l l  cause apprecidble  effects. A s tudy  
is made of t h e  inf luence  of compress ib i l i ty  on conduction-type MHD a.c. gen- 
erat ors . 
General MHD equat ions f o r  an a.c. compressible f l u i d  model are s t a t e d  
i n  t h e  quas i  one-dimensional ana lys i s .  Equations for per turbat ions which occur 
i n  an a.c. compressible f l u i d  model are developed with t h e  a i d  of a quasi one- 
dimensional small amplitude a n a l y s i s  and a numerical c a l c u l a t i o n  of t h e  per- 
t u r b a t  ion  ve loc i ty  is pe r f  omned. 
The r e s u l t s  are presen ted  i n  t h e  form of r e l a t i v e  p e r t u r b a t i o n s  of 
v e l o c i t y  for  va r ious  va lues  of t h e  appropr i a t e  parameters.  The v a l i d i t y  of 
t h e  s m a l l  amplitude a n a l y s i s  is evaluated. 
It has been found t h a t  t h e  s t a b i l i t y  of a compressible flow increases  
when t h e  Mach number a t  t h e  i n l e t ,  t h e  loading factcw, and t h e  frequency are 
increased. The a c t i v e  power dens i ty  is reduced up t o  20 pe r  cent  i n  t h e  range 
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of conditions appropriated f o r  power generations at 60 cps and a loading 
factor equal to 0.50. Then, with s t a b i l i t y  assured, t h e  problem of understand- 
ing the  a . c .  energy conversion properties can be treated i n  t h e  case of a 




1.1 3rief H i s t o r y  
Large scale commercial and space power gene ra t ion  systems m u s t ,  i n  
gecer'al, p r d r i t e  3.c. p o w e r  i n  older  t o  eliminate excessive transmission losses  
and t o  permit e f f i c i e n t  t ransformation t o  var ious  output  vo l tage  leve ls .  O f  
a l l  t h e  M H D  energy conversion devices  c u r r e n t l y  proposed, t h e  doc. Faraday 
type  genera tor  has been advanced t o  a pos i t i on  of technologica l  pre-eminence 
without cons ide ra t ion  of t h e  expensive and i n e f f i c i e n t  i nve r s ion  equipment 
necessary t o  produce t h e  required a,c. power1. Thus, appl ica t ion  of doc.  gen- 
erators t o  e f f i c i en t  and inexpensive conversion systems is questionable, except 
i n  s p e c i a l  cases where doc .  power is required.  
It is t h e r e f o r e  n a t u r a l  t o  t u r n  our a t t e n t i o n  t o  magnetohydrodynamic 
methods for d i r e c t  genera t ion  of a.c. power. 
Many a.c. MHD dev ices  have a l ready  been propo~ed2-3'~-5.  As i n  t h e  
conventional machine ana lys i s ,  t h e  problem has been t r e a t e d  as a steady-state 
problem, with incompressible f lu id .  However, i n  any magnetohydrodynamic gen- 
e r a t o r  which uses  an ionized gas ,  t h e  e f f e c t  of compress ib i l i ty  must be in- 
cluded, i f  t h e r e  is a l a r g e  pressure  drop through t h e  generator .  
The s tudy  of t h e  inf luence  of compress ib i l i t y  i n  d i r ec t - cu r ren t  MHD 
machines has been undertaken by many authors; f o r  example, G. Sutton, who used 
t h e  assumptions of quasi-one-dimensional f l o w  and s m a l l  magnetic Reynolds 
number. However, no study of compressible flow in a.c. "D generators has been 
r epor t ed ,  and t h e  d e t a i l e d  effects of compress ib i l i t y  are l a r g e l y  unknown. 
1.2 The Object and Scope of This  Thesis 
The objec t  of t h i s  t h e s i s  is t o  present  an approach t o  t h e  evaluat ion 
of t h e  pe r tu rba t ions  which occur i n  an a.c. compressible f l u i d  model, i.e., 
t h e  s t a b i l i t y  of t h e  system. In  Section 11, general  MHD equations f o r  an a.c. 
- 9 -  
compressible f l u i d  model are s t a t e d  i n  t h e  approximation of t h e  quasi-one- 
dimensional ana lys i s .  
Section I11 is t h e  development of t h e  MHD equat ions s t a t e d  i n  t h e  ap- 
proximation of t h e  quasi-one-dimensional ana lys i s .  These equat ions,  as w e l l  
as t h e  unknowns, may be s p l i t  i n t o  time-average p a r t s  and time-varying pa r t s .  
The time-average p a r t s  play t h e  same r o l e  as do t h e  d.c. p a r t s  i n  t h e  
d.c. compressible f l u i d  model. Assuming a constant average veloci ty  and loading 
f a c t o r ,  w e  w i l l  des ign  t h e  shape of  t h e  channel  of a d.c. s e l f - e x c i t e d  MHD 
generator ,  from t h e s e  equations.  We w i l l  opera te  t h i s  s e l f - exc i t ed  generator  
with an a l t e rna t ing  current  source with t h e  current  amplitude adjusted so  t h a t  
t h e  time-average q u a n t i t i e s  (pressure ,  ve loc i ty ,  etc....) are t h e  same as f o r  
t h e  d.c. generator above. 
We w i l l  consider time-varying terms i n  equations of motion as perturba- 
t i o n s  on the  time-average quan t i t i e s .  In  Section I V  we w i l l  evaluate  t h e  per- 
tu rba t ion  quant i t ies ;  t h e  t ime-varying equations w i l l  be l inear i sed  by neglect- 
ing a l l  products of t h e  small pe r tu rba t ion  amplitudes.  The v a l i d i t y  of t h i s  
approximation w i l l  be evaluated i n  Sect ion V.  
I n  Sect ion V I ,  w e  w i l l  eva lua te  t h e  e f f e c t s  of p e r t u r b a t i o n s  on t h e  
output e l e c t r i c a l  power. 
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SECTION I1 
MHD EQUATIONS IN A QUASI ONE-DIMENSIONAL ANALYSIS 
11.1 The Equations of Conservation 
The ?MI equat ions  in a three-dimensional  a n a l y s i s  are w e l l  known. In 
t h i s  work, we w i l l  use MHD equations in  a one-dimensional ana lys i s  taking i n t o  
account t h e  v a r i a t i o n  of t h e  channel cross-sect ion.  There is only one space 
var iab le .  The equat ions of conservation are first s t a t e d  by wri t ing  t h e  con- 
serva t ion  of t h e  proper t ies  of t he  f l u i d  i n  an elercentary volume element, A dx. 
The d e t a i l s  of t h e  c a l c u l a t i o n  are presented i n  Appendix. 
For t o t a l  der iva t ive ,  w e  w i l l  use t h e  notation: D/dt. The i n l e t  quanti- 
t ies are designated by t h e  s u b s c r i p t  \. 
The conservat ion of m a s s  gives: 
o r  
D au - _ -  DP d t  - P(Z Ln!. + -) ax 
where A is t h e  a rea  of  t h e  channel,  u t h e  v e l o c i t y  and p t h e  dens i ty .  
The conservat ion of momentum gives: 
where B is the magnetic f l u x  dens i ty ,  J t h e  cur ren t  dens i ty ,  P t h e  mechanical 
pressure.  
The conservat ion of energy gives: 
D U aP 
p = (h + 5 )  - - = - EJ a t  (4) 
- u -  
This expression w i l l  be wr i t ten  i n  terms of entropy from equations (3)  and (4) 
where T i s  the  temperature,  u t h e  conduct iv i ty ,  R t h e  s p e c i f i c  gas  constant ,  
y t h e  r a t i o  of s p e c i f i c  hea ts .  
11.2 The General MHD Eauation 
The t h r e e  complementary equat ions  w e  need are " l o c a l  equat ions"  for  
which t h e  va r i a t ion  of t h e  channel area is not taken i n t o  account. These a re :  
Ohm's l a w :  
t h e  approximate expression of  t h e  conduct iv i ty :  
E: P 1 / 2  
u = u 1 (+) (+) 
1 
if w e  neglect  e lectron-ion c o l l i s i o n ,  and where: 
1 3 i -1 T t - + I  Ln s = - + - ( 1  
4 2KT, 1 
( 7 )  
E .  being the  ion iza t ion  energy, and K Boltzmann's cons tan t .  
1 
The gas l a w :  If t h e  degree of i o n i z a t i o n  is assumed small, one may 
reasonably assume t h a t  t h e  gas is p e r f e c t  and fol lows t h e  equation: 
P = p R T  (9) 




TIME AVERAGE EQUATIONS - DESIGN OF A COMPRESSIBLE 
FLUID CHANNEL WITH CONSTANT VELOCITY AND 
CONSTANT LOADING FACTOR 
The MHD equat ions,  determined i n  Sec t ion  11, w i l l  be s p l i t  i n t o  time- 
average p a r t s  ( subscr ip t  0) and time-varying p a r t s  ( subscr ip t  11, as w i l l  t h e  
unknowns. For instance,  u - u ( x )  + u (x , t ) .  The time-average p a r t s  play the  
same role as does t h e  d o c ,  p a r t  i n  a d.c. compressible f l u i d  m o d e l .  Then w e  
can design t h e  shape of t h e  channel of a doc.  self-exci ted MHD generator, w i t h  
cons t an t  v e l o c i t y  and cons t an t  loading factor, and cons ide r  t h a t  t h e  time- 
varying part of t h e  MHD equat ions  r ep resen t s  t h e  pe r tu rba t ions  on t h e  t i m e -  
average quantities . 
0 1 
111.1 Shape of the C h a n n e l  of a doc .  Self-Excited Generator 
The problem of de f in ing  t h e  dimensions of t h e  channel  is i l l u s t r a t e d  
i n  Figure 1. The b a s i c  assumptions are t h e  following: 
1) To s impl i fy  t h e  problem, one n e g l e c t s  t h e  effects of f r i c t i o n  and 
hea t  transfer. 
2 )  One assumes t h a t  t h e  magnetic Reynolds number based on l e n g t h  is 
s m a l l  compared t o  uni ty .  
3) The magnetic c i r c u i t s  are closed by highly permeable, non-conducting 
magnetic material. 
T o  so lve  t h e  problem, we must determine t h e  n ine  unknowns: 
geometrical:  w, d 
electrical: Jo, Bo, Eo, (Jo 
thermodynamical: Po, P,, To 
- 13 - 
We already know s i x  equat ions from Sec t ion  I: 
conservation of mass : po(wd) = po,(wd), 
dPO 
BoJo conservation of momentum: -= - d x  
dTO p u c  - = -  o o p  dx conservation of energy: 
Ohm's l a w :  Jo = vo(uoBo - Eo) 
conduct i v i t y  : 
equation of s t a t e :  Po = PoR To 
and w e  get  t h r e e  equations,  r e l a t i v e  t o  t h e  assumptions above: 
f l u x  densi ty:  Bod = (Bod) 
constant  loading f a c t o r  k: Eo = k uoBo 
const  a n t  v o l t  age : EoW = (EoW), 
(10) 
(14 )  
(15) 
Assuming a small magnetic Reynolds number campared t o  uni ty ,  we neglec t  t h e  
I magnetic f i e l d  generated by current f l o w  i n  the gas. The r e s u l t s  take t h e  form: 
I 
2 - -  2 - -  - -  1 1 2 - -  1 1 
1-a. 
- 
1-a 1-a a 
= (+I (19) 
I 
m 1 01 01 I 1 1 
with 
m being t h e  Mach number. 
0 
The ra t io  Po/Pol t a k e s  t h e  form: 
1 - -  a a - = (1 +?; x) 
01 
P ... if A # 0 




1 L =  
L is genera l ly  c a l l e d  " in te rac t ion  length" 6. Figures 2 and 3 give t h e  var ia-  
t i o n s  of Po/Pol and of A f o r  d i f f e r e n t  values of k and E. 
- 15 - 
SECTION IVa 
PERTURBATION EQUATIONS - SMALL AMPLITUDE ANALYSIS 
We operate t h e  self-exci ted d.c. generator  with an a.c. cur ren t  source 
of frequency w, f o r  which t h e  cu r ren t  amplitude is adjusted so t h a t  t h e  root- 
mean-square q u a n t i t i e s  (p re s su re ,  veloci ty . . . )  are t h e  same as f o r  t h e  d.c. 
self-exci ted generator  i n  Sect ion I11 above. 
The magnetic Reynolds number is small compared to 1 so t h a t  t he  induced 
magnetic f i e l d  may be neglected.  
In  these  assumptions, t h e  electrical q u a n t i t i e s  may be s p l i t  as: 
B(x , t )  = R e  (Bo(x) fi exp ( j u t ) )  ( 2 5 )  
J ( x , t )  = R e  ( Jo (x )  fi exp ( j u t ) )  (27 )  
The MHD equations i n  a quasi-one-dimensional ana lys i s  may be s p l i t  i n t o  time- 
average equations (Section 111) and time-varying equations which play the  r o l e  
of pe r tu rba t ion  equat ions on t h e  time-average equations.  
We have s i x  unknowns: P1 , u1 , p1 , T1 , El  , u1 , f o r  s i x  l i nea r i sed  
p e r t u r b a t  ion equat ions which are : 
Do 01 a ul conservation of mass : - (-1 + uo = 0 
d t  Po 0 
(29) 
(30) 
DO apl conservation of momentum: p0 dt (u,) = -(BoJo) exp ( 2 j w t )  - ax 
- 16 - 
( Jof DO apO c o n s e r v a t i o n  of energy:  - a exp ( 2 j w t )  = - (T (p1) + u1 =) + 
0 
u D  
P (31) 
1 0  - - -  DO aTO DO 1 DO U 
' 0  dt To u d t  o cp(o0 (-T + u1 ax) + 0 (- T 1) + c -uo 0 d t  1 1 d t  o 
where Do/dt is t h e  unperturbed opera tor  (x a + uo x). a 
*1 1 p1 
U 0 To Po 
l i n e a r i s e d  conduc t iv i ty  gas  l a w :  - = E: - - -- ( 3 2 )  
( 3 3 )  
1 U 1 0 l inear i sed  Ohm's law: - 7 uoBofi( l -k)  exp ( jwt )  = u uoBofi exp (jwt) - El 
0 0 
l i n e a r i s e d  gas  l a w :  A A A - = - + -  
Po Po To 
(34) 
These equa t ions  show that  the e l e c t r i c a l  p e r t u r b a t i o n s  oscillate at  an odd 
frequency and t h e  thennodynamical pe r tu rba t ions  a t  an even frequency. 
An easy way t o  solve t h e  per turba t ion  equat ions is t o  introduce nom- 
a l i zed  var iab les ,  and t o  e l imina te  time dependence, by assuming an appropriate 
frequency f o r  t h e  v a r i a b l e s  as suggested by t h e  r emark  above. 
l e t  us  assume: 
P1(x, t )  = Re(Pl(x) exp ( 2 j w t ) )  
T1(x, t )  = Re(Tl(x) exp ( 2 j w t ) )  
ul(x,  t) = Re(ul(x) exp (2 jwt ) )  
- 17 - 
and introduce : 
then : 
- 
P = P1/Po 
- 
u = u / u  1 0  
u = Ul/Uo 
= R e  (P P, exp ( 2 j o t ) )  P1 
= R e  (T To exp ( 2 j w t ) )  
= R e  (ii uo exp ( 2 j o t ) )  




Fina l ly  we ob ta in  t h e  following equat ions:  
a. Ohm's l a w :  
- - 
u u o B o f i  exp ( j o t )  - El = -u ~ ~ B ~ f i ( 1 - k )  exp ( j o t )  
b. conduct ivi ty  : 
- - 7  
U =  E T - -  2 
C. conservation of  mass: 
L - 1 8 -  
d. conserva t ion  of momentum: 
du dP - 
a0~0f2jwu + u -1 + Po dx + (l-F)(B J ) = 0 o dx 0 0  
e. conserva t ion  of energy: 
f .  gas l a w :  
I n  a first approximation, w e  assme t h a t  t h e  r e l a t i v e  per turba t ion  of 
t h e  conduct iv i ty  7; is neg l ig ib l e  with respec t  t o  1. The s impl i f i ed  equations 
become then: 
Ohm's l a w :  
E~ = u u ~ B ~ A  exp ( j u t )  
mass conserva t ion  : 
dP du 2 j o p + u o = = - u  -o dx 
- 
momentum conservat ion:  
E+ B J (F-1) - d< ~ ~ u ~ ( 2 j o u  + uo z) = - 
' 0  dx o o 
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gas l a w :  
- -  
p =  p + T  (50) 
where a l l  functions with the subscript o are given by Part I11 and where the 
f i v e  unknowns: El, u ,  P ,  p ,  
- - -  have to be determined. 
- 20 - 
SECTION IM 
INTEGRATION OF THE VELOCITY PERTURBATION 
EQUATION I N  SOHE PARTICULAR CASES 
IVb.1 The Velocity Perturbatiaa Equation 
We have set up a system of f i v e  perturbation equations for f i v e  perturb- 
ed q u a n t i t i e s :  
A 
which can be solved s t e p  by s t ep  by elimination of t h e  variables.  For instance, 
t h e  e l imina t ion  of p, T and El l eads  t o  a l i n e a r  system of d i f f e r e n t i a l  equa- 
t i o n s  of first order .  Following Woodson4, t h e s e  can be written, i n  m a t r i x  
form, as: 
- -  
w i t h  t h e  following expression f o r  t h e  mat r ix  
Y(l - m I 
I 
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and 
and where : 
y = -  is t h e  func t ion  
pol 
1 
X X - -  (1 + x )  
X \ exp - - L 
m i s  t h e  Mach number a t  t h e  i n l e t  
K is a cons tan t  = (1-k)(y-1) 
a is a complex cons tan t  = 2jw/u0 
a is a cons tan t  = k(y- l ) /y  
1 
- 
f o r  X # 0 
f o r  X = 0 
The so lu t ion  of equat ion (51)  takes  t h e  form: 
where Q(?) is t h e  ma t r i zan t  of ?. P r a c t i c a l l y ,  t h e  e v a l u a t i o n  of is 
ra the r  d i f f i c u l t  owing t o  an inde f in i t e  in tegra t ion ,  giving a s e r i e s  expansion 
of Q(y), but it appears  under t h i s  form t h a t  
(58) 
- 22 - 
I 
I 
I This  and t h e  graphs of Figure 4 represent ing t h e  v a r i a t i o n  of t h e  modulus of 
t h e  d e r i v a t i v e s  I (dG/dx), I and 1 (dF/dx), I show t h a t  a more severe limita- 
t i o n  occurs  for t h e  pressure per turbat ion than  f o r  t h e  ve loc i ty  per turbat ion,  
I n  fact, t h e  v e l o c i t y  p e r t u r b a t i o n  may cause  p h y s i c a l  effects l i k e  shock 
waves. These v e l o c i t y  pe r tu rba t ions  w i l l  be determined later, in s t ead  of t h e  
p re s su re  per turba t ion .  
I 
I From equat ion (51) w e  g e t  t h e  ve loc i ty  pe r tu rba t ion  equation: 
d2u  dh A d Q + C + -  + A - + ( - - - -  
dx 
A F  d; 
2 dx Q dx I) D 
NF-QH 1 ( d x  Q d x  D --!!a++ d N  
I 
2 
with A = (1 - m, yea) y 
1 + K  A Q = ( , y  +a)  
K A  - 2 c = (z y - a y  m, yea) 
a 
D = (1 - y?) 
m 
1 
a X  
H = ( K + & j ) %  m 
1 
m being t h e  Mach number a t  t h e  i n l e t .  
From equat ion ( 6 0 )  with f i v e  independent parameters, we can determine 
1 
t h e  c o e f f i c i e n t s  of t h e  equation. L e t  us t a k e  for  instance:  
k, Qo,s Po,, Uo and f the  frequency. 
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The knowledge o f :  
k g i v e s  a and K from (54)  and (56) .  
U 
01 
gives E ,  X and To, f o r  a given gas  
1 
2 u g ives  m , ,  L 
0 
f g ives  B 
I f  we take th ree  of f i v e  parameters, say uo,, Po, and (u 0 ) then equation 
( 5 9 )  w i l l  depend on t w o  parameters:  l o a d i n g  factor (k) and frequency (f), 
and t h e  i n t e g r a t i o n  w i l l  be done for  d i f f e r e n t  v a l u e s  of t h e s e  t w o  basic 
parameters. But before  w e  c a l c u l a t e  a numerical  s o l u t i o n  of  ( 5 9 ) ,  w e  s h a l l  
study a case of s p e c i a l  i n t e re s t ,  namely t h a t  of an open c i r c u i t .  
For k = 1 t h e  v e l o c i t y  equat ion g ives  
f o r  which w e  get  t h e  t r i v i a l  s o l u t i o n ,  
- 
u = o  
Consequently, t h e r e  is no pe r tu rba t ion  i n  an open c i r c u i t  generator .  
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Later w e  i n t e g r a t e  (59 )  numerically for values  of k # 1, and f o r  some 
p a r t i c u l a r  cases where t h e  i n t e g r a t i o n  becomes easy and can be done by hand. . 
The numerical  a p p l i c a t i o n  i n  each of t h e  p a r t i c u l a r  cases below w i l l  
be done for  a combustion gas  having the  p rope r t i e s :  
CJ = 21.9 mho/m a t  pressure  Po, 
01 
u = 1430 m/sec 
01 
= 5 x lo5 Newton/m 2 
I 
and where : 
E = 12 
= 3000 OK 
TO 1 
2 = 4 wb/m 
BO I 
rn2 = 1.5 
I 
We u s e  a supersonic ve loc i ty  so t h a t  t h e  downward per turba t ions  cannot 
go up. Therefore,  a t  t h e  i n l e t  boundary, t h e r e  are no per turba t ions .  But t h e  
d e r i v a t i v e s  of t h e  p e r t u r b a t i o n s  are not zero. The i r  magnitude is given by 
Figure 4. 
Nb.1.1 Frequency 
For l a rge  frequency ( f  2 500 cps)  and for x < 4m, t h e  ve loc i ty  equation 
t akes  a simple form: 
m- dx- 
1 
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f o r  which t h e  so lu t ion  is: 
m m 
ax) + c2 exp ( -  I -  I -  ax ) m - 1  
I 
L exp ( -  m + 1 
1 
( 6 2 )  
c and c being constants .  
The s o l u t i o n  is composed of t w o  waves o s c i l l a t i n g  a t  frequency: 
1 2 
m m 
' 1  u ' m  - 1  2 w  and 2w 
0 1  
T ' m  + 1  
0 1  
Figure 5 shows t h e  r e p r e s e n t a t i o n s  of and u f o r  k = 1 / 2  and f o r  
f = 960 cps. We deduce from expression (62)  t h a t  when t h e  frequency increases,  
then t h e  perturbations decrease, so t h a t  it becomes more in te res t ing  t o  operate 
a t  l a r g e  frequency than  a t  small frequency. 
r C 
IVb. I. 2 Zero-Order Approximation 
Equation (59)  can be e a s i l y  in t eg ra t ed  when t h e  c o e f f i c i e n t s  are con- 
s t a n t s ,  and i n  fac t ,  w e  can always expand t h e  c o e f f i c i e n t s  of (59)  c l o s e  t o  
the  or ig in  and then determine t h e  degree of approximation we allowed ourselves 
i n  assuming constant  coefficients (zero-order approximation). To t h i s  purpose, 
we t ake  t h e  r a t i o  between t h e  first t w o  terms i n  t h e  development, c l o s e  t o  
t h e  o r ig in ,  of each o f  t h e  c o e f f i c i e n t s  of equat ion (59). Then, w e  p l o t  t h e  
minimum value of t h e  modulus of t hese  r a t i o s  f o r  d i f f e r e n t  values of k and f .  
The minimum value of t h e  modulus occurs  f o r  t h e  c o e f f i c i e n t  of u but not f o r  
t h e  o ther  t h r e e  coe f f i c i en t s .  This minimum has a value of 0.92 a t  a frequency 
of 114  cps, i n  t h e  case of a shor t  c i r c u i t .  This is q u i t e  a severe l imi t a t ion  
t o  t h e  zero-order v a l i d i t y  . 
Once t h e  v a l i d i t y  of t h e  zero-order  s o l u t i o n  is known, t h e n  w e  can  
i n t e g r a t e  equat ion (59) .  The s o l u t i o n  w i l l  t a k e  t h e  form: 
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u = u + c1 exp (rlx) + c exp ( r 2 x )  P 2 (63) 
where and r1r2 are 
complex cons tan ts  determined by (59). The numerical appl ica t ion  has been done 
f o r  
des igna te s  t h e  complex p a r t i c u l a r  s o l u t i o n ,  and c c P 1 2  
k = 0 0.5 0.8 
f = 0 28.5 57 114 cps 
- -  
The r e s u l t s  are given under t h e  form of ur, u v8. x where is t h e  real 
C r 
part of and ii is  t h e  imaginary p a r t  of (F igures  7, 8, 9, 10). 
C 
m.1.3  Gerrsrat case 
The i n t e g r a t i o n  above is valid for a range of x less t h a n  2m. For 
x > 2m, t h e  v e l o c i t y  equat ion can be i n t eg ra t ed  by a power series expansion 
of t h e  form: 
0 
k - u =  1 a k x  
k=O 
where % i s  a complex number. 
But it appears t h a t  a l a r g e  number of terms are then necessary, so t h a t  
hand ca l cu la t ion  becomes impract ical .  A d e t a i l e d  study of equation (57) would 
allow a closer approach of t h e  so lu t ion .  
However, t h e  determination of t h e  so lu t ion  of t h e  ve loc i ty  per turbat ion 
equat ion is l i m i t e d  by t h e  fact t h a t  we ope ra t e  i n  a l i n e a r  small-amplitude 
ana lys i s .  The next  s t e p  of o u r  work is to determine t h e  degree  of v a l i d i t y  
of t h e  small-amplitude a n a l y s i s  for  t h e  v a l u e s  of our parameters  k and f. 
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SECTION V 
VALIDITY OF THE SMALL-AMPLITUDE ANALYSIS 
I N  THE ZERO-ORDER APPROXIMATION 
We have seen t h a t  t h e  p e r t u r b a t i o n  of t h e  v e l o c i t y  i n  a.c. ope ra t ion  
of a se l f - exc i t ed  generator  is given by 
u 1 = Re(uuo exp ( 2 j o t ) )  
where E has been determined i n  P a r t  I V .  The small-amplitude a n a l y s i s  ho lds  
f o r  t h e  assumption of  IuI <e 1. 
In t h i s  chapter ,  from t h e  numerical value of  ii obtained i n  Section I V ,  
a long  t h e  channel,  f o r  a range of x less w e  determine t h e  v a r i a t i o n  of 
than 2 metres. 
A t  t h e  o r i g i n  w e  note  t h a t :  
The values of IdL/dxl are t a b u l a t e d  on t h e  graph 4. 
I 
Graphs 7 ,  8b, 9b and 10b r e p r e s e n t  t h e  v a r i a t i o n  of a l o n g  t h e  
channel i n  t h e  zero-order approximation f o r  
k = 0 0.5 0.8 1 
€ = 0 28.5 57 114 cps  
I n  Figure 11 we have p l o t t e d  t h e  maximum va lue  of for  t h e  range 
of x less than  2 metres, which g i v e s  u s  t h e  v a l i d i t y  of l i n e a r  a n a l y s i s  of 
small pe r tu rba t  ions.  
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We note that if w e  do not  w a n t  a ve loc i ty  less than t h e  sound ve loc i ty  
(a,) then: 
Hence , 
This impl ies  t h a t :  
1 < 1 - - m 
- 
< 1 - -  is s u f f i c i e n t  . 
In' But it appears t h a t  t h e  required condition, 
Figure 11 shows t h e  l i m i t a t i o n  of { t i  v8. 1 - - The graph shows that, 
for a Mach number at t h e  entrance equal t o  1.225, and for an i n d u s t r i a l  freq- 
uency of 60 cps, t h e  load ing  factor must be a t  least e q u a l  to 0.8.  For a 
loading f a c t o r  equal t o  0.5, t h e  operating frequency must be at least 110 cps. 
Hence, it would be i n t e r e s t i n g  t o  use large values  of veloc i ty  and frequency, 
so as to avoid l i m i t a t i o n s  per turbat ions.  
N l a x  1 
1 
m *  
1 aax 
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SECTION V I  
THE PROBLEM OF THE ELECTRICAL OUTPUT POWER 
In  t h i s  chap te r  w e  e v a l u a t e  the i n f luence  of t h e  c o m p r e s s i b i l i t y  on 
t h e  a c t i v e  and r e a c t i v e  power. 
We a l r eady  s t a t e d  t h a t :  
E = Eo fi COS u t  + El 
with 
Then, 
El = Re(ulBo fi exp j u t )  
- - 
u 1 = Re((ur + j u c )  uo exp 2 j o t )  
- 
E = Eo + u B (zr cos u t  - u s i n  u t )  2 0 0  C 
- + 5 u B (iir cos 3wt - uc s i n  3 u t )  2 0 0  
and can be w r i t t e n  as: 
E = R e ( E o  exp j u t  + Egu exp 3 j u t )  







= E J?((1+ r - j 5) C 
0 
( 6 8 )  
J,  i n  a similar manner, takes the  form: 
J = Re(Jo fi exp jot) (70) 
The complex form of Poynting's theorem7, g ives  an expression for  the act ive  
and react ive  power density.  For a frequency (201, w e  get: 
and, 
U r = E J (1 +z) 
0 0  
2 n 










0 0  k 
+ 
where S is the Poynting vector. 
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The right-hand s i d e  of equat ion (71 )  r e p r e s e n t s  t h e  average d e n s i t y  
,of a c t i v e  power. 
The f i r s t  term on t h e  right-hand s i d e  of equation ( 7 2 )  is t h e  r eac t ive  
power d e n s i t y  a s s o c i a t e d  wi th  t h e  average power d e n s i t y  of e q u a t i o n  ( 7 1 ) .  
The second term represents  t h e  average r e a c t i v e  power s to red  within t h e  f i e l d  
i n  t h e  channel. 
For a range of frequency less t h a n  100 c p s  and a l e n g t h  less  t h a n  - 
2 metres, ur appears t o  be negat ive and pos i t i ve .  
C 
From (711, w e  deduced t h a t  t h e  gene ra t ed  average d e n s i t y  of active 
power is reduced from t h e  unperturbed case. But from (72)  it appea r s  t h a t  
t h e  need of r e a c t i v e  power d e n s i t y  is less than i n  t h e  case of s t eady- s t a t e  
with no pe r tu rba t  ion. 
Figures  1 2  and 1 3  show t h e  maximum dec rease  of r e l a t i v e  active and 
r eac t ive  power densi ty  due t o  t h e  gas compressibil i ty.  The change of generated 
a c t i v e  power is  of t h e  o r d e r  o f  20 p e r  c e n t ,  while  t h e  change i n  r e a c t i v e  
power requirement does no t  exceed 2 p e r  cent i n  t h e  range of cond i t ions  ap- 
p ropr i a t ed  f o r  power generation a t  60 cps and a loading f a c t o r  equal  t o  0.5. 
However, f o r  l a rge  values of t h e  frequency, up may take posi t ive values 
(see Figure 5) .  This may enhance t h e  production of  t h e  a c t i v e  power dens i ty ,  
as it can be explained by an inc rease  i n  t h e  s t a b i l i t y  of t h e  flow. 
- 
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SECTION V I 1  
CONCLUDING REMARKS 
The r e s u l t s  of the a n a l y s i s  of the pertwbatims which occur in a 
se l f - exc i t ed  a.c. MHD genera tor ,  i n  t h e  mal l -ampl i tude  approximation, are 
st i l l  v a l i d  for a.c. conduction-type genera tors ,  for which an a n a l y s i s  has 
been made i n  t h e  case of steady incompressible flow with s inusoida l  var ia t ion  
of electrical q u a n t i t i e s .  However, t h e  r e a c t i v e  power r equ i r ed  f o r  a self- 
exc i ted  a.c. MHD generator  makes it des i rab le  t o  design new MHD machines f o r  








Such a new concept of MHD conduction machines f o r  a.c. power generation 
has been proposed and analysed by Woodsons. It was shown t h a t  two conduction- 
type gene ra to r s  can be cross-coupled i n  such a way t h a t  t h e  r e a c t i v e  f ie ld  




The b a s i c  system proposed by Woodson cons is t s  of a channel of constant cross- 
sec t ion .  The v e l o c i t y  and conduct iv i ty  of t h e  conducting f l u i d  are assumed 
constant.  The channel contains  two p a i r s  of e lec t rodes  forming two conduction 
generators .  The add i t ion  of two cross-coupling windings t ransforms t h e  p a i r  
of self-exci ted doc.  generators  i n t o  a two-phase self-exci ted a.c. generator,  
and under c e r t a i n  condi t ions  of operat ion t h e r e  are s teady-s ta te  a l t e r n a t i n g  
cur ren ts .  In  each of t hese  two devices  t h e  magnetic f i e l d  l eads  t h e  e l e c t r i c  
f i e l d  by t/4 radians.  But t h e  magnitude of t h e  modulus of t h e  v e l o c i t y  per- 
t u r b a t i o n s  is  still  t h e  same and t h e  a n a l y s i s  of t h e  cu rves  of F igure  11 






It has been shown t h a t  t h e  s t a b i l i t y  of t h e  compressible flow increases 
when t h e  Mach number a t  t h e  i n l e t ,  t h e  loading f a c t o r ,  and t h e  frequency are 
increased.  The Mach number at  t h e  en t rance  must be g r e a t e r  t han  a c e r t a i n  
lower l i m i t  (Figure 11) i n  order  t h a t  t h e  downstream ve loc i ty  does not become 
subsonic. For example, f o r  a frequency of  60 cps and a loading f a c t o r  equal  
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t o  1/2, t he  i n l e t  Mach number must be g r e a t e r  than  1.6. The compress ib i l i t y  
g rea t ly  a f f e c t s  t h e  output  e lec t r ic  power dens i ty  as shown on Figures 12 and 
13, where we have represented t h e  maximum p e r  cent of decrease i n  a c t i v e  and 
r eac t ive  power f o r  a range of 2 metres length ,  as deduced from t h e  equations 
( 7 1 )  and (72). These f igu res  show t h e  benef i t  of increasing the  loading fac tor  
and t h e  frequency t o  reduce t h e  r e l a t i v e  decrease of e lectr ical  output power 
caused by t h e  gas  compress ib i l i t y .  Assuming a c e r t a i n  degree  of  s t a b i l i t y  
defined by Figure 11, it would be poss ib le  t o  t rea t  t h e  problem of a.c. energy 
conversion p rope r t i e s  f o r  condi t ions  of incompressible f l o w  and s teady-s ta te  
operat  ion. 
More work remains t o  be done i n  eva lua t ing  t h e  va lue  of t h e  v e l o c i t y  
per turbat ion along t h e  channel i n  t h e  small-amplitude approximation with t h e  
use of numerical computation. To what e x t e n t  t h i s  a n a l y s i s  remains t r u e  and 
how t o  t r e a t  t he  case of l a rge  per turbat ions is s t i l l  open f o r  fur ther  theoret-  
i ca l  work. 
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APPENDIX 
MHD EQUATIONS OF CONSERVATION I N  A QUASI ONE-DIMENSIONAL ANALYSIS 
The conservat ion of mass i s  s t a t e d  for an elementary volume element 
( A  Ax), i n s i d e  which w e  average t h e  var iab les .  
or : 
A(puA) + A AX at aP = 0 
(A.1 )  
The conservat ion of momentum is  s t a t e d  i n  t h e  same way, for a volume 
element : 
2 a A (  (P + Q U  A) .  - P AA + A AX(= P U )  = 0 
or, with t h e  he lp  of (A.2): 
The conservat ion of energy g ives  
(A.3) 
where U designates  t h e  i n t e r n a l  energy of t h e  gas, and with t h e  help of (A .2 ) :  
p x ( h + ~ ) - - = - E J  D U ap 
a t  ( A . 6 )  
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d; 
Figure 1.- Perspective of the se l f -exc i ted  MHD generator, 
showing the  channel dimensions. 
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Figure 2 . -  Relative variation of the pressure through a d . c .  MHD channel 
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F i g u r e  4.- Magnitude of the  derivative of the perturbations 
at the origin 2)s. k.  
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Figure 5.- Var i a t ions  of u and fo r  l a r g e  frequency. r C 
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Figure 6.-  Validity of the zero-order approximation. 
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Figure 7.- Relative ve loc i ty  perturbation for a d .c .  se l f -exc i ted  
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Figure 8a.- Variation of Gr and G along the  channel 
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of an a.c.  self-excited generator for a 
frequency f = 28.5 cps. 
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Figure 8b.- Variation of I.'I along the channel of an 









F i g u r e  9a.- Variation of u' and along t h e  channel r C 
of an a.c. self-excited generator for a 
frequency f = 57 cps. 
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Figure 9b.- Variation of along the  channel of an 
a.c. self-excited generator for € = 57 CDS. 
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Figure 10a.- Variation of u and u along t h e  channel r C 
0.5 
of an a.c. se l f -exc i ted  generator for  a 
frequency f = 114 cps .  
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Figure 10b.- Variation of 1.1 along the channel of an 
a.c. se l f -exc i ted  generator for  f = 114 cps. 








Figure 11.- Validity of the linear analysis of small 
perturbations (zero-order: 0 c x c 2m). 
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Figure 12 . -  Maximum r e l a t i v e  decrease of a c t i v e  power 
density due t o  the  gas compressibil ity for 
0 < x < 2m. 
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F igure  13.- Haximum relative decrease of reactive power 
density due t o  the gas compressibility for 
o < x < 2 m .  
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